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Weyl geometry, topology of space-time and reality of electromagnetic potentials, and
new perspective on particle physics
S. C. Tiwari
Department of Physics, Institute of Science, Banaras Hindu University, and Institute of Natural Philosophy,
Varanasi 221005, India
Consistency of Weyl natural gauge, Lorentz gauge and nonlinear gauge is studied in Weyl geom-
etry. Field equations in generalized Weyl-Dirac theory show that spinless electron and photon are
topological defects. Statistical metric and fluctuating metric in 3D space with time as a measure of
spatial relations are discussed to propose a statistical interpretation of Maxwell field equations. It is
argued that physical geometry is an approximation to mathematical geometry, and 4D relativistic
spacetime is essentially 3D space with changing spatial relations. The present work is suggested to
have radical new outlook on elementary particle physics.
PACS numbers: 12.10.-g, 12.90.+b
I. INTRODUCTION
Riemann, way back in 1861, had speculated on the
physical significance of the electromagnetic (EM) poten-
tials [1]. Historical evolution of the concept of EM po-
tentials has witnessed landmark achievements [2, 3], yet
their physical reality remains unsettled. Aharonov and
Bohm in a comprehensive article [4] present the role of
geometry, topology, and measurability in connection with
the physical reality of the potentials. Unfortunately the
manner in which this question was introduced underlin-
ing classical versus quantum has become a source of con-
fusion in the literature. Aharonov-Bohm (AB) effect has
been demonstrated experimentally many times [5], how-
ever multiple shades of philosophical/mathematical ar-
guments tend to obscure the nature of the EM potentials
[6].
The issue has also acquired great significance in the
context of the standard model (SM) of particle physics.
A crucial element in SM and modern gauge theories is the
postulated concept of hypothetical internal spaces for the
gauge symmetry. For example, in SU(3) gauge group the
set of parameters θa are Lorentz scalars and the index
a = 1, 2, ...8 for 8 generators of the group, and the uni-
tary gauge transformation is USU(3) = e
iθa(x)λa/2 where
λa are the Gell-Mann matrices. In quantum electrody-
namics (QED) there is just one parameter for the gauge
transformation U(1) = eiθ(x). If the parameters do not
depend on space-time coordinate x then we have global
gauge transformation. Gauge invariance of the action
function or the Lagrangian density leads to conserved
Noether currents and corresponding gauge charges, for
example, the electric charge is interpreted gauge charge
for U(1) gauge symmetry in QED. Note that QED is a
paradigm for SM and modern gauge theories. However,
originally the idea of gauge symmetry proposed by Weyl
[7] represented scale transformation of the line element
in the pseudo-Riemannian spacetime of general relativ-
ity resulting into the change in the length of a vector
under parallel transport. Thus gauge symmetry was a
spacetime symmetry transformation with a wider group
of transformations than the general coordinate transfor-
mations of general relativity [7]. We may now have two
view-points. First, the empirical success of SM in preci-
sion experiments, and the detection of the gauge bosons
of the electroweak unified theory could be taken to im-
ply that the question of the reality of potentials has been
rendered vacuous: the dynamical gauge potentials in this
theory represent the gauge bosons i. e. photon and mas-
sive weak gauge bosons W±;Z, and they have physical
reality. This point is further elaborated in the next sec-
tion. The second view could be as follows. The funda-
mental role of the internal spaces in modern theories, e.
g. SM and superstrings, departs from the geometriza-
tion of physics based on the intuitive reality of space and
time speculated by Riemann, Clifford, Einstein and Weyl
[1, 7]. Could one seek alternative scenario in that tradi-
tion?
The present work is focused on this question. Obvi-
ously the concepts of space and time would need radical
revision in which nontrivial geometry and topology ac-
quire central role [8]. In the new perspective it emerges
that classical Weyl geometry of space-time has not only
a nontrivial topological structure it also admits statisti-
cal interpretation of geometric quantities. Appraisal of a
comprehensive review on Weyl geometry [9] and a crit-
ical reading of Dirac’s paper [10] show that most of the
present work is a new contribution. The significance of
our work lies in the fact that rather than discarding the
reality of space and time we articulate a framework in
which space and time constitute fundamental physical
reality.
The paper is organized as follows. In the next section
we explain the difference between geometry and topol-
ogy; and discuss physical geometry for physical phenom-
ena and its description. The conception of physical real-
ity depends in a fundamental way on the approximation
and/or limitation of the mathematical reality. The role
of language in human affairs is primarily to express the
thoughts and the feelings in a tangible form; this process
has intrinsic limitation in the exact reproducibility of the
subtle thoughts. The origin of thoughts, mind-brain du-
2ality, and the Platonic reality of mathematics invite at-
tention to deep questions [8]. Note that the symbolic
logic had origin in Boole’s work “The Laws of Thought”.
Our proposition that physics is the language of mathe-
matics echoes the commonplace understanding regarding
the expression of subtle thoughts in tangible form of the
language. The philosophical discussions could be found
in [8] and references cited therein. Here the considera-
tions are primarily concerned with electromagnetism and
Weyl geometry leading to the important result that Weyl
geometry could be endowed with a nontrivial topology
and statistical nature.
In section III we investigate various kinds of gauge con-
ditions, i. e. Weyl’s natural gauge, Lorentz gauge and
nonlinear gauge, and their consistency in Weyl [7] and
Weyl-Dirac [10] theories. The main result of this sec-
tion is that the principle of gauge invariance may have
statistical interpretation, and the elementary geometri-
cal objects defined by pure gauge potentials may have a
topology akin to that of AB effect [4]. The field equa-
tions derived in a generalized Weyl-Dirac framework [11]
are discussed in section IV. Three important results are:
electron could be decoupled from EM field and poten-
tials, single electron could be visualized as a propagating
topological defect, and new insight is gained on the topo-
logical model of photon [12].
The physical significance of the nonlinear term in
scalar curvature in Weyl geometry remains obscure [7,
13]. In flat spacetime geometry Dirac in 1951 [14] inves-
tigated the nonlinear gauge to develop a new theory of
electron. On the other hand, Gubarev et al [15] discussed
topological structures for the minimum value of the vol-
ume integral of the squared potentials. The role of non-
linear gauge in the generalized Weyl-Dirac theory in con-
nection with [14, 15] is discussed in section V. A logically
consistent approach is proposed for macroscopic system
drawing analogy to fluid dynamics. In the last section a
brief discussion on the implications of the present work
on modern gauge field theories and the current ideas on
emergent spacetime is presented followed by concluding
remarks.
II. GEOMETRY AND PHYSICS
Classical physics comprises of a classical system or ob-
ject, observable/measurable physical quantities, and a
theoretical description quite often having a mathemati-
cal formalism. A simple example is that of a macroscopic
body that has well defined macroscopic variables deter-
mined by local differential equations. One may also con-
sider a microscopic system and try to develop a macro-
scopic system from it using the methods of statistical
mechanics. The intricate question is that of the neces-
sary criteria characterizing a system macroscopic or mi-
croscopic.
Majority of physicists follow Newton’s experimental
natural philosophy: experimentally measured quantities
are defined in terms of mathematical variables and con-
cepts, and depending on the physical laws or hypotheses
the mathematical formalism is developed. In this method
abstract mathematics is a convenient tool. It seems to
have given rise to the belief that mathematics is a lan-
guage of physics. In CED the experimental force laws
of Coulomb and Ampere, and Faraday’s law of induction
serve the basis for Maxwell equations
∇.E = ρ (1)
∇×B = J+ 1
c
∂E
∂t
(2)
∇×E = −1
c
∂B
∂t
(3)
∇.B = 0 (4)
EM fields are mathematical variables defined from the
force laws using a limiting procedure. First Chapter in
the textbook [16] rightly notes that independent phys-
ical reality of EM fields emerges when energy, momen-
tum, and angular momentum associated with them are
defined. We may add that only after the advent of special
relativity and the observed mechanical effects of the ra-
diation field separated from the sources ρ and J the true
physical significance of the EM fields was recognized and
accepted.
Mathematically one may proceed defining a second-
rank antisymmetric tensor Fµν in 4D space
Fµν = ∂µAν − ∂νAµ (5)
and define a scalar
L = −1
4
FµνF
µν (6)
that gives the Euler-Lagrange equation from the action
principle
∂µF
µν = 0 (7)
Definition (5) gives
∂µFνσ + ∂νFσµ + ∂σFµν = 0 (8)
The set of equations (5) to (8) constitutes a mathematical
system. Formally they are equivalent to the source-free
Maxwell equations if 4D space is identified with space-
time: Eqs. (1) and (2) → Eq.(7); Eqs. (3) and (4) →
Eq.(8). Physical interpretation of the tensor Fµν and the
4-vector Aµ representing EM phenomena is essential to
identify Eqs. (7) and (8) as Maxwell equations. His-
torically physics laws preceded Maxwell equations and it
appeared as if the role of mathematics was just that of a
convenient description tool.
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already have the EM field tensor in mind, however Weyl
theory [7] presents a new picture not recognized ade-
quately. Spacetime metric geometry
ds2 = gµνdx
µdxν (9)
is generalized postulating a linear groundform Wµdx
µ
such that under gauge transformation
ds→ ds′ = λ ds (10)
Wµ →W ′µ =Wµ + φ,µ (11)
where φ = logλ and λ is an arbitrary function of co-
ordinates. Notation and metric convention are those of
[10, 13]. In Weyl geometry both length and direction of
a vector undergo changes under parallel transport from
spacetime point xµ to xµ + dxµ and the total change in
the length of a vector round a small closed loop is
∮
δl = lWµνδS
µν (12)
Here δSµν is the area enclosed by the loop and Wµν is a
geometric quantity termed distance curvature, see section
15 in [7]
Wµν =Wµ,ν −Wν,µ (13)
An invariant integral
∫
WµνW
µν √−g d4x, and intrinsic
geometric property, i. e. Bianchi identity
∂µWνσ + ∂νWσµ + ∂σWµν = 0 (14)
could also be given in Weyl geometry.
Dirac notes that physicists rejected Weyl unified the-
ory [10], Weyl himself abandoned it [3, 7], and Einstein
objected to it on physical grounds [17]. Dirac was, how-
ever fascinated with its simplicity and beauty. Edding-
ton [13] makes a distinction between natural geometry
and world geometry: exact natural geometry applies to
real physical world, and world geometry to conceptual or
mathematical space. Eddington is critical of Weyl geom-
etry on mathematical ground [13, 17]. In our view the
functions gµν , Wµ characterize the abstract Weyl space,
and it cannot be rejected on either physical or mathemat-
ical grounds. The reason is as follows. The Maxwell-like
equations for the distance curvatureWµν on their own do
not represent physics and the gauge-invariant zero length
need not be related to light propagation, in that case Ed-
dington’s geometry [13] is a natural mathematical gen-
eralization of Weyl geometry, and obviously it is not a
refutation of Weyl geometry. The question now becomes
whether Weyl space has a physical realization, that is,
does there exist a physical interpretation of the geomet-
rical quantities gµν , Wµ? In analogy to Einstein’s inter-
pretation of the coefficiants gµν of the quadratic ground-
form (9) representing the gravitational potentials, the
coefficients of the linear groundform Wµ are interpreted
as EM potentials by Weyl. It seems deep influence of
Einstein’s relativity on Weyl prevented him from pro-
pounding the true mathematical significance of his gen-
eralized Riemannian geometry. In fact, Weyl states that
a truly realistic mathematics should be conceived in line
with physics. It may be of interest to reproduce here
intriguing statements due to Weizsaecker in this context
[18]: “A mathematical formalism like, e. g. Hamilton’s
principle with its mathematical consequences, Maxwell’s
equations with their solutions, or Hilbert space and the
Schroedinger equation, is not eo ipso a part of physics. It
becomes physics by an interpretation of the mathemati-
cal quantities used in it, an interpretation which one may
call physical semantics.” It is true that on its own ac-
count Maxwell-like equations for Wµν in Weyl geometry
do not represent EM phenomena. At the end of the book
[18] an interesting discussion, mainly between Linney and
Weizsaecker, mentions classical and quantum languages,
and the problem of continuity, but unfortunately remains
confusing and inconclusive. What is the significance of
physical semantics? Does it imply that physics is a lan-
guage of mathematics?
Translating abstract mathematical reality to physics
necessarily involves metaphysical elements, and what one
does in practice is to use the probabilty rules/statistical
quantities to get physical quantities. In the Newtonian
mechanics the absolute time is a metaphysical concept
without which the role of relative time defined by New-
ton to explain the observed phenomena would make no
physical sense [8]. Mathematically a point, a circle, 2D
spherical surface and a punctured 2D Euclidean plane
R2 − {0} are well defined. A point is dimensionless, a
circle with unit diameter has the circumference pi, and
2D spherical surface has the direction holonomy, i. e. the
direction of a vector parallel transported on the surface
after the completion of a cycle is changed. Removing
the origin in 2D plane results into a topological defect
in R2 − {0}. All the four objects find numerous physics
applications, in fact, a point particle is ubiquitous: classi-
cal mechanics, CED, QED and SM. Physical realizations
must be approximate, a physical particle is not a point
and a hole in R2 − {0} is not an exact physical void in
physical systems like singular vortices in fluid and op-
tics/light beams. According to Poincare [8] the rule of
induction is a mental act exact in mathematics but ap-
proximate in physics. Present arguments suggest that
geometry and topology too are approximate in physical
world.
The most radical change that we propound is on the
nature of time [8, 19]. Absolute time T has a unidirec-
tional flow in discrete steps and creates the sequence of
natural numbers intuitively experienced by mind; the dis-
crete step has an extension that presents itself as space
with each successive step acquiring the property of whole-
ness as a result of mergence. Real numbers are sec-
ondary logical and random constructs. Spatial regions
of different numerical magnitudes have random flow in
which coalescence and decomposition create connected
4quasi-permanent structures that we call matter. The
flow has meaning with reference to the absolute time
and a common or relative time variable t can be in-
troduced that measures the changes in the flux of the
space. Thus matter has no intrinsic existence but a form
of spatio-temporal bounded structure. In physical geom-
etry a point has a spread and distance between two points
has a fluctuating statistical character. Geometrization of
physics becomes a unified picture in which space and time
are fundamental.
The ideas of Riemann, Einstein and Weyl on ge-
ometrization of physics are entirely different than our
ideas. Riemann’s infinitesimal geometry is a great ad-
vancement over the finite Euclidean geometry; Weyl
terms the idea to gain knowledge from infinitesimal as
the mainspring of the theory of knowledge, page 92 in
[7]. Riemann visualizes metric space only due to the
presence of matter, page 98 in [7]. Einstein’s geometriza-
tion of macroscopic world is based on the continuation
of Riemann’s philosophy assuming infinitesimal pseudo-
Riemannian spacetime geometry for gravitation [1, 7].
Weyl follows this line of thinking in the unified theory of
gravitation and electromagnetism.
Clifford’s speculation differs from that of Riemann,
Einstein and Weyl: matter is a kind of crinkles of space,
footnote 2, page 156 in [1]. Menger’s statistical met-
ric space [20] endows statistical distribution function for
the distance between any pair of points. Poincare’s ob-
servation, see [8], that A = B, B = C ⇒ A = C
is mathematical while physical experiences show that
A = B, B = C ⇒ A < C has a probability description in
the Menger space. Menger suggests that the conceptual
problems of microphysics could find resolution in this un-
derlying geometry. The geometric ideas of Clifford and
Menger are of interest in the proposed space and time
reality [8, 19, 21], however they have to be substantially
generalized.
Critique on the relativistic time [8, 19, 21] shows that
time in relativity is just a convenient parameter to la-
bel/order changes in spatial lengths between two points
in 3D space, and the role of vacuum velocity of light is
that of a unit conversion factor. Now a physical point
in our approach has a statistical spread and fluctuations,
therefore, Menger’s statistical metric cannot be used; for
the distance between two points also we need a suitable
description. Earlier assuming stochastic electron motion
[21] it was suggested that the line element of special rel-
ativity represents standard deviation. The proposition
that spatio-temporal objects in the connected whole con-
stitutes physical reality at a fundamental level liberates
physics from extraneous matter [8, 22]. In the stochastic
theory [23, 24] one follows the legacy of the Newtonian
point particle picture and introduces fluctuations invok-
ing some kind of hidden thermostat a la de Broglie or
Nernst’s zero point field (ZPF). The present approach
dispenses with them since spatial regions are themselves
in random flux, and spatio-temporal objects have fluctu-
ating spread intrinsic to them. As a consequence point
particle, instantaneous velocity and potential functions
are mathematical idealizations. We seek approximations
to define physical properties from the statistical averages
depending on length and time scales.
In special relativity the interpretation of the line ele-
ment is nicely explained in section 7 of [13]
ds2 = c2dt2 − dx2 − dy2 − dz2 (15)
(
ds
dt
)2 = c2 − v2 (16)
Time-like interval, i. e. positive value of ds2 is physical
for material particles that cannot travel faster than light,
i. e. v < c in (16); and ds2 = 0 defines null-cone or light
geometry. Unfortunately existence of space-like intervals
have to be inferred in a contrived way if one accepts Ed-
dington’s suggestion, moreover physical time is not the
common sense time, see section 8 in [13]. Statistical na-
ture of physical points would suggest that variance or
standard deviation could be the best characterization for
the metric
ds2 → σ2 = dl2 − (dl)2 (17)
where dl is the average or mean of the distance between
two points ‖r2− r1‖. A parameter t that represents time
variable with reference to the absolute time T can be in-
troduced using c as a unit conversion factor dl2 = c2dt2.
Since variance cannot be negative space-like interval has
no meaning, and light-cone has zero variance. In the flow
of space a set of physical points having uniform relative
change could be selected, and the collection of all such
sets {I} may be interpreted as the inertial frames. As-
suming one of the sets as a standard for calibration one
can define expression (17); time t and light velocity c are
convenient parameters. Since changes in spatial relations
may occur in both directions the time variable tmay have
inversion t→ −t. There is, however no real time reversal
since t has meaning with reference to T . For more details
we refer to [8, 19].
We have argued that statistical theory has crucial role
in translating mathematics to physics; obviously a gen-
eral and comprehensive treatment is needed for this pur-
pose. Here a few examples are worth mentioning. The
well known relativistic relation
E2 − c2p.p = m2c4 (18)
may be interpreted statistically in which momentum has
average value p and energy is c2p2. Invariant mass turns
out to be a measure of standard deviation opposed to its
intrinsic invariant value in relativity [13]. Note that in
a different way already in nonrelativistic quantum me-
chanics Ehrenfest theorem makes use of the expectation
values of position, momentum and energy operators. In-
finitesimal Riemannian geometry in physical phenomena
has logical interpretation in terms of the Menger metric
space [20] while pseudo-Riemannian space-time geometry
5may be obtained based on the generalization of Eq.(17)
such that gµν has statistical significance. Stationarity of∫
ds in relativity corresponds to the minimization of the
variance σ in Eq.(17). Extending the arguments to CED,
the EM fields and potentials have statistical nature. One
may envisage a true stochastic formulation without hid-
den thermostat or ZPF [23, 24] for the Newton-Lorentz
equation of motion in this approach.
Preceding discussion leads to a challenging question:
Do elementary objects like a single electron and a single
photon make physical sense in the statistical approach?
Note that advanced technology and experimental meth-
ods have enabled numerous experiments at a single elec-
tron and a single photon level. Electric charge and spin
of electron and spin of photon appear to have unambigu-
ous physical reality. Electron mass in relativity also has
invariant and intrinsic characteristic, section 13 in [13].
However, re-examining the relativistic relation written in
a different form
m2c2 =M2c2 −M2v.v (19)
in view of Eq.(17) statistical interpretation implies that
σ2 = m2c2 and p = Mv. Electron mass m no longer
represents intrinsic or internal physical attribute of the
electron. Thus charge and spin are the physical quanti-
ties that we have to explain. Could their understanding
come from topology?
Let us briefly explain our idea on the topological de-
fect in 1D. A straight line segment could be continuously
deformed to an arc in which shape and size are unim-
portant. Removing any one of the interior points of the
arc decomposes it inro two parts. A circle cannot be ob-
tained from a straight segment using topological trans-
formation. Let us consider a real line that is a geometric
representation of the set of real numbers (R+, R−): a real
number a is positive if a > 0, and negative if a < 0. In
the real analysis conventionally one divides the line such
that specifying (not removing) a point O, i. e. the origin,
on the line the right is positive and the left is negative;
such a line is called a directed line. There is no continu-
ous transformation that maps points on R+ ↔ R−. One
may introduce an imaginary axis and define a continuous
transformation eiθ on the complex plane to map points
on R+ ↔ R−. A departure from this construction [28]
envisages the origin as a point defect: real lines on either
side have continuous transformations, however crossing
the origin is a discontinuous jump 0+ − 0− = δ0, where
δ0 is an infinitesimally small real number. This point
defect is in 1D and distinct from that of the punctured
plane R2 − {0}. Tifold in [12] may be related with this
kind of topological obstruction.
Topology has two key characteristics [25, 26], namely
continuity and global, and defects and discreteness. The
concepts of connectedness, adjacent points, neighbor-
hoods, and continuous mappings belong to the for-
mer while counting of holes/defects to the later; these
could be made technically precise [25]. However metric-
independence of topological properties does not preclude
the metric spaces from possessing nontrivial topology.
We have argued that ideal mathematical geometry is re-
alized statistically in physics; the statistical metric spaces
may also have nontrivial topology. Holes/defects in phys-
ical space-time, for example, vortices and tifold [12, 22]
may be such examples.
Could topological models for single electron and single
photon be related with the standard field theory? Let us
consider the photon model in which pure gauge poten-
tial plays the role for the field description of orbifold and
tifold [12]. Now, we face two questions. Firstly the reality
of a discrete localized photon has been questioned in the
literature, e. g. Lamb’s anti-photon viewpoint [27] and
in stochastic electrodynamics [24]. However, photodetec-
tors do show direct evidence of an observed photon [28].
Moreover, in the SM along with weak gauge bosons pho-
ton is also a gauge boson and the observed data in par-
ticle physics experiments [29] show the presence of pho-
ton directly as compared to rather indirect observation of
weak gauge bosons inferred from their decay modes. Low
frequence EM radiation and electron scattering treated
classically explains the measured cross sections satisfac-
torily using the Thomson formula. An important concept
of classical electron charge radius e2/mc2 also follows
from this. On the other hand, at high energy ν ≈ mc2/h
quantum theory of Compton scattering utilizing photon
picture becomes essential. For more details we refer to
[16] and review on the photon concept in [30].
The second question is an age-long one: potentials are
convenient calculational tools or they have independent
reality. Aharonov and Bohm [4] state the problem very
clearly in the modern context that potentials seem to
have the role of auxiliary variables devoid of physical
significance either because they can be eliminated from
the equations in classical theory (CED) or due to the
principle of gauge invariance in quantum theory. Vast
literature on this contentious issue seems to ignore the
important fact that the observed photon is a spin one
gauge boson in SM [29] and spacetime symmetries asso-
ciate spin one with a vector field not a tensor field. Does
it not prove the reality of EM potentials?
Originally the Maxwell equations were obtained from
the macroscopic EM phenomena. There is no compelling
reason either experimental or theoretical to associate EM
fields with a single photon; it is just a convention. Tradi-
tional meaning of the principle of gauge invariance has to
be modified. A logically consistent approach could be to
distinguish a single photon and a system of large number
of photons described by statistically averaged physical
quantities. Postulating E = B = 0 for a single photon
has profound implication on the physical nature of pho-
ton and the significance of EM potentials [12]. Denoting
the EM potentials for a single photon by Aµ we have the
following equations satisfied by them
∇.A+ 1
c
∂A0
∂t
= 0 (20)
6∇A0 + 1
c
∂A
∂t
= 0 (21)
∇×A = 0 (22)
First-order partial differential Eqs. (20)-(22) may be
combined to derive the second-order wave equations
∇2A− 1
c2
∂2A
∂t2
= 0 (23)
∇2A0 − 1
c2
∂2A0
∂t2
= 0 (24)
Note that factoring out electric charge unit e from the
EM fields and potentials one gets the geometrical unit for
them; in Weyl geometry a geometric unit arises naturally.
Multiplication with h¯ makes the vector potential A to
have the dimension of momentum. We have proposed
a screw disclination and tifold model for photon [12] in
which spin is a topological invariant. Particle nature of
photon has been suggested to be due to the topological
defect associated with the spin.
In an abstract mathematical formalism Salingaros [31]
obtains holomorphic field equations in 4D spacetime for
two types of tensors that formally resemble Maxwell
equations. For a vector field aµ the holomorphy condi-
tion is the set of equations (18) in [31]. These equations
are nothing but Eqs. (20)-(22) as above. The author em-
phasizes the spacetime interpretation of EM phenomena;
this interpretation is in the spirit of Weyl’s interpretation
in which EM field tensor is a spacetime distance curva-
ture. Unfortunately, the equations satisfied by aµ have
been unimaginatively treated as just the Lorentz gauge
condition and the identity that E = B = 0. Note that the
equations for aµ in [31] are independent of Maxwell-like
equations for a tensor of type 2, and could be viewed as
generalized Cauchy-Riemann equations. For this reason,
mathematically the equations for aµ are as significant in
4D as Cauchy-Riemann equations are in 2D. The pho-
ton model based on Eqs. (20)-(22) in [12] acquires added
significance.
The present perspective on mathematics and physics,
specifically in the context of electromagnetism, leads to
two new directions: 1) foundations of CED have to be
re-examined interpreting EM fields as statistically aver-
aged macroscopic quantities for photon fluid, and 2) the
fundamental role of pure gauge potentials in the topology
necessitates a thorough analysis of the gauge conditions
in Weyl [7, 13] and Weyl-Dirac [10] theories.
III. GAUGE INVARIANCE AND WEYL
GEOMETRY: NEW INSIGHTS
Relativity and 4D spacetime geometry had profound
influence on Weyl, and his aim of a unified theory was
greatly inspired by Mie’s theory [7]. Curiously Weyl per-
ceptively quotes Clifford’s speculation of 1875:“the the-
ory of space curvature hints at a possibility of describing
matter and motion in terms of extension only”. Weyl
asserts that “physics does not extend beyond geometry”,
but reverts to the conventional setup of matter immersed
in space in his unified theory. The central problem in his
work is that of the electron model; according to him the
Maxwell-Lorentz theory is invalid in the interior of elec-
tron. Unfortunately the unified theory of Weyl could
not make much progress in this objective [7]. Relativ-
ity of magnitude together with the relativity of motion
resulted into a true infinitesimal geometry, namely Weyl
geometry: a point in spacetime needs specification of co-
ordinate system and a gauge or units of measure. Besides
[7, 13] a self-contained necessary tensor analysis in Weyl
geometry could be found in Dirac’s paper [10].
Following the metric and gauge conventions in [10, 13]
in-invariants and in-tensors are gauge invariant. Metric
tensor gµν is a co-tensor of power 2, and
√−g has power
4. The generalized affine connection or Christoffel symbol
invariant under gauge transformation denoted by ∗Γαµν
is
∗Γαµν = Γ
α
µν − gαµAν − gανAµ + gµνAα (25)
In Weyl geometry the transformation of the tensor quan-
tities has to be considered for both coordinate and gauge
transformations, therefore, one has to assign Weyl pow-
ers as well to them. The meaning of tensor densities and
the role of
√−g could be found in sections (16) and (17)
in [7]. Following Eddington [13] the scalar curvature ∗R
is termed a co-invariant of power −2
∗R = R− 6Wµ:µ + 6WµWµ (26)
Assuming that variational principle for an appropriate
action integral yields the field equations for the unified
theory the problem becomes that of constructing W in
the action
S =
∫
W
√−g d4x (27)
Gauge invariance of the action S demands that W must
be a co-scalar of power −4 since √−g has power 4. Weyl
opts for the squared scalar curvature ∗R2, however he
admits that it may not be realized in nature. Dirac [10]
introduces an arbitrary scalar function β of power −1 and
constructsW linear in ∗R. Their respective functions are
WW =
∗R2 − α WµνWµν (28)
WD = β
2 ∗R− 1
4
FµνFµν (29)
Here our main interest is regarding the issue of gauge
invariance rather than the field equations. In Weyl ge-
ometry the fundamental postulate is that the compari-
son of lengths at a distance is not possible and a unique
7and uniform calibration does not exist. To reconcile this
with the physical experiences Weyl puts forward two ar-
guments that have been critically elaborated by Edding-
ton. The first argument is that we may define a unit of
length assuming
∗R = 4λ (30)
where λ is a constant. This gauging equation is sup-
posed to represent a natural gauge. The existence of the
natural gauge could be justified in analogy to the exis-
tence of a unique Galilean system of coordinates in the
pseudo-Riemannian spacetime geometry of general rela-
tivity. However, there arises a serious difficulty in fixing
a gauge since the law of parallel displacement of a vector
contradicts it. To resolve this problem the second ar-
gument is developed based on the philosophy that there
are two ways of determining the quantities: by persis-
tence and by adjustment. A priori one cannot conclude
that pure transference following the tendency of persis-
tence is integrable. Size of an electron is determined by
adjustment in view of the presence of space curvature,
and not by the persistence of its time history. Another
example is that of electric charge: conservation of charge
cannot explain why electron has the same charge after
a lapse of long time, and why this charge is the same
for all electrons. Thus charge is determined by adjust-
ment, not by persistence, i. e. at every instant of time
the state of equilibrium of negative electricity adjusts to
this value. In Eddington’s view this interpretation of the
gauge principle amounts to a graphical representation of
physical facts; a measuring rod taken from one point to
another for calibration could be taken to satisfy the nat-
ural gauge condition (30), and this process should not be
viewed as a parallel displacement of a vector.
The question is: What is the significance of the gauge
condition (30) in the unified field equations? First an
important point has to be noted that even if ∗R is not
constant one could change the measure to transform it
to a constant in a new gauge. Though unified field equa-
tions correspond to Einstein-Maxwell like field equations;
let us drop “like” and accept Weyl’s interpretation that
they represent electromagnetism and gravitation. In that
case the Maxwell equations forWµν depart radically from
standard CED equations since the gauge potentialWµ it-
self acquires the role of source current density
Jµ ∝Wµ (31)
Weyl postulates a unique calibration setting ∗R = 1 and
introduces the radius of curvature of the universe for the
recalibration. This leads to the gauge condition (30) and
λ acquires the significance as a cosmological constant in
the Einstein equation.
A remarkably unusual result (31) that charge current
density is equivalent to the potentials has intriguing as-
pects. First it may be noted that the current continuity
equation follows from the Maxwell equation
Jµ:µ = 0 (32)
In view of Eq.(31) formally we have
Wµ:µ = 0 (33)
Lorentz gauge condition of the standard CED assumes
a radically new role in Eq.(33): it is inseparably re-
lated with the charge conservation law and according
to Weyl, Eq.(31) shows that the electric charge is “dif-
fused throughout the world” since the gauge potential is
present in all space.
Alternative derivation of Eq.(32) is based on the con-
traction of the Einstein equation and the use of the gauge
condition (30). Two routes to get current continuity pose
a serious problem since the Lorentz gauge condition is in-
consistent with the gauge condition (30). Weyl [7] and
Eddington [13] seek a resolution of this issue exploring
the interplay between the energy tensor of matter and
that of EM field. The arguments run as follows. Total
energy-momentum tensor in the Einstein field equation
with a cosmological constant could be assumed compris-
ing of the EM part, Eµν , and the matter one Mµν . The
contraction gives the trace equation interpreted in terms
of the proper-density of matter
ρM ∝ R− 4λ (34)
Using the gauge condition (30) ρM becomes
ρM ∝ Wµ:µ −WµWµ (35)
Empty space is defined to be the absence of electrons,
though EM field is nonzero, then ρM = 0, and Eq.(35)
implies
WµWµ =W
µ
:µ (36)
It is clear that the problem has become more intricate as
there are now three incompatible gauge conditions: nat-
ural gauge (30), Lorentz gauge (33), and nonlinear gauge
(36). Weyl asserts that the relation (31) has fundamen-
tal importance, in that case, there is no empty space and
the Lorentz gauge would have general validity. However
substituting (33) in Eq.(35) one has
ρM ∝WµWµ ⇒ ρM ∝ − JµJµ (37)
The positivity of mass density implies that Jµ is a space-
like vector, and it cannot be true for the electric charge.
A speculative idea is to consider interior of the electron
where Eq.(37) holds, and the outside region separated
by the boundary of the electron. Eddington suggests
that the internal structure of the electron may have the
constituents something like magnetic charges. In Weyl
theory the Lorentz gauge condition occupies special po-
sition, and is assumed to hold in general. On the other
hand, the nonlinear gauge (36) is interpreted to represent
the vanishing of the current density that in view of (31)
becomes consistent with the Lorentz gauge. Outer region
of the electron, however has small charge and current ex-
tending to infinity.
8Preceding account shows that the issue of gauge in-
variance in the context of the Weyl action function for
the unified theory could not be settled satisfactorily. Of
course, Weyl himself states that, “I do not insist that
it is realized in nature” [7], and Eddington [13] remarks
that Weyl action “has no deep significance”. We em-
phasize that questioning the specific action function, e.
g. Eq.(28), does not mean a rejection of Weyl geometry.
For this reason, Dirac’s view on Weyl geometry is very
important: wider group of spacetime transformations for
physical laws noted in the conclusion of his paper [10].
It is important to note that Eddington’s criticism is ap-
plicable to Dirac’s action function (29): combining two
in-invariants of different forms, namely the Maxwell ac-
tion FµνFµν and β
2 ∗R.
Dirac revived Weyl geometry [10] primarily with the
motivation of his large number hyp[othesis in which grav-
itational constant varies with time. He assumes a con-
straint equation
∗R = 0 (38)
and using β2 as a Lagrange multiplier constructs a gauge
invariant action integral (29). Dirac lists three choices
of the gauge: 1) the natural gauge; if Wµν = 0 one has
Wµ = 0, 2) the Einstein gauge β = 1 in which Ein-
stein field equations are obtained for the vanishing of the
EM quantities, and 3) the atomic gauge. Surprisingly
Dirac makes no attempt to explain (38) in relation to
Weyl’s natural gauge (30). The issue of gauge invariance
in empty space with the contradicting gauge conditions
(33) and (36) that troubled Weyl and Eddington in con-
nection with CED and electron structure also did not
receive Dirac’s attention. Though symmetry breakdown
in Weyl space for charge conjugation and time reversal is
separately pointed out by him, Weyl’s speculation that
inequality of positive and negative electricity may be re-
lated with the past → future asymmetry, see pp 310-311
in [7], is also not discussed.
Weyl in the Preface to the American edition of [7]
states that his attempt of a unified theory had failed. It
is well known that Weyl’s original idea of gauge symme-
try metamorphosed into the modern gauge field theories
[2, 3]. Revival of the original Weyl geometry by Dirac
[10] and current interest in this geometry [9] are mainly
in connection with the problems in cosmology. The lit-
erature on Weyl theory has not unraveled the deeper is-
sues related with gauge invariance and gauge conditions.
Could there be a new strand for Weyl geometry appli-
cable to particle physics? This question is made precise
in the light of the new perspective emerging from our
analysis.
[I] Weyl and later Eddington exclusively focused on
electron and diffused charge interpretation. They did not
explore possible implications on the nature of photon and
EM fields. Note that Einstein’s light quantum hypothe-
sis was well known at that time though the word photon
was coined later in 1926. It is also not clear as to why
Dirac in spite of his sustained engagement with new the-
ories of the electron did not investigate Weyl geometry
from this angle. May be it was due to his preoccupation
with the large number hypothesis in [10]. Setting an arbi-
trary constant equal to 6 appearing in his action integral
he obtained vacuum field equations. Unfortunately that
missed uncovering geometric origin of current density in
the Maxwell equation. This issue is of fundamental im-
portance for physical interpretation of the EM potentials
and current density. To see this let us compare the stan-
dard Maxwell-Lorentz theory and Weyl theory. Eq.(7)
shows that vanishing of EM field tensor does not neces-
sarily imply vanishing of the EM potentials since one may
have Aµ = ∂µχ and Fµν = 0. In contrast, in Weyl theory
the current density (31) severely restricts the potentials
since Wµν = 0 ⇒ Wµ = 0. As a consequence the
freedom to envisage multi-valued pure gauge potential in
Weyl theory is lost.
[II] Relaxing Dirac’s assumption of setting the con-
stant equal to 6 Papini and his collaborators have ex-
tensively studied Weyl-Dirac theory [32]. However their
work does not throw new light on the gauging condi-
tions, and merely repeat Dirac’s argument that to recon-
cile Weyl gauge principle with the atomic standrads of
length one could postulate two metrics. Papini’s idea on
multi-valued scalar field is however quite interesting.
[III] Weyl’s motivation for his geometry was unified
theory for gravitation and electromagnetism [7]. The
subject as such has three aspects: mathematical com-
prising of geometry, physical interpretation of geomet-
ric quantities and field equations, and physics motivated
action principle. Most of the criticism pertain to Weyl
action (28) and Dirac too modifies the action to (29) in
[10] introducing an additional field variable as a Lagrange
multiplier in the assumed constraint equation (38). For
physical interpretation, analogy is drawn to Einstein’s
theory of gravitation. Einstein field equation is founded
on the identification of the metric tensor as gravitational
potential and the equivalence between the Einstein ten-
sor and energy-momentum tensor. Now, Einstein field
equation could be derived from the Hilbert-Einstein ac-
tion. But, in general, a symmetry of the action may not
necessarily be a symmetry of the field equation. For a
lucid exposition on the calibration/gauge symmetry we
refer to Bock [33].
Axiomatically the metric tensor gµν for the quadratic
form (line element) and Wµ for the linear form are the
fundamental geometric quantities in Weyl space. It is
well known, see e. g. [13] that in Riemannian geometry
one can construct Galilean coordinate system for con-
stant gµν , and the necessary and sufficient condition for
flat geometry is that Riemann curvature tensor is zero.
Note that the Christoffel symbol vanishes for constant
metric tensor, however it is not a tensor, therefore, it
may assume a nonvanishing value in a new coordinate
system. In Weyl geometry the definition of the distance
curvature Wµν ensures that it vanishes if Wµ = 0, how-
ever, for Wµν = 0 one could have a nonvanishing pure
gradient for Wµ. It may be argued that by a gauge
9transformation Wµ could be made equal to zero. In a
nontrivial topology of Weyl space an interesting possi-
bility exists: a nonzero Wµν exists in a small localized
region and it is zero everywhere outside that region, but
Wµ is nonzero there. This case is similar to the topol-
ogy due to a confined magnetic flux in a solenoid for AB
effect [4].
Concluding this section, a new physical manifestation
of Weyl space is indicated from our analysis where one
may consider two ideas: a single electron and a single
photon could be visualized as topological defects in Weyl
space, and EM fields and current density are treated as
macroscopic quantities having statistically averaged sig-
nificance. In the light of the proposition of statistical
metric tensor discussed in section II it seems natural to
associate statistical meaning to the gauge transforma-
tion.
IV. NEW FIELD EQUATIONS IN WEYL
SPACE: NONTRIVIAL TOPOLOGY
Rather than Dirac’s emphasis on the large scale struc-
ture of the universe in connection with the Weyl geom-
etry, a new action function was setup to explore the na-
ture of electron charge in [11]. Let us call it a generalized
Weyl-Dirac theory. A beautiful feature of Weyl geome-
try is the gauge invariance of zero length: massless fields
become natural objects in this geometry. If one specu-
lates that at a fundamental level electron comprises of
massless fields then photon and electron assume special
place in Weyl geometry. Could there be a fundamental
role of nontrivial topology and the gauge potentials in
this scenario? To address this question we discuss the
generalized Weyl-Dirac theory.
Introducing an in-invariant field Ψ representing elec-
tron in the proposed action integral [11] we have
S =
∫
( ∗Rξ + pFµν ∗Rµν)
√−g d4x (39)
ξ = Ψ:µΨ,µ (40)
Field ξ is a co-scalar of power -2 and it seems akin to
Dirac’s β2, however unlike cosmological interpretation
of β, here the field ξ is proposed to be related with
the electron and photon. Variational principle treating
gµν , Aµ,Ψ as independent dynamical variables leads to
a set of field equations comprising of the gravitational
field equation, modified Maxwell field equation, and a
field equation for Ψ, i. e. Equations (25)-(27) respec-
tively in [11]. The expression for ∗Rµν contains anti-
symmetric tensor Fµν following [13] in contrast to the
symmetrized ∗Rµν used by Dirac [10]. We have returned
to the standard notation Aµ, Fµν for the EM quantities
but expressed in geometrical units. The source current
density in the modified Maxwell equation, setting the ar-
bitrary constant p = 1/4, shows dependence on the gauge
potentials
Fµν;ν = −3(ξ:µ + 2ξAµ) (41)
The conservation law for the current density
Jµ = −3(ξ:µ + 2ξAµ) (42)
follows from Eq.(41); it could also be obtained as an iden-
tity from the contraction of the Einstein field equation
(25) in [11]. Thus we have
ξ:µ:µ + 2ξ,µA
µ + 2ξAµ:µ = 0 (43)
The modified Maxwell field equation (41) differs from
that of Weyl [7] and admits nonvanishing EM potantial
for Fµν = 0 given by
ξ:µ + 2ξAµ = 0 (44)
Equation (44) needs a careful analysis since ξ is also re-
lated with the postulated electron field Ψ in Eq.(40). Let
us consider the full set of the field equations and as-
sume that the EM fields are zero then the energy tensor
Eµν = 0. Making use of Eq.(44) to eliminate derivatives
of ξ the Einstein field equation becomes
Gµν = −
∗R
ξ
Ψ;µΨ;ν+AαAαg
µν+2AµAν+2Aµ;ν−2Aα:αgµν
(45)
where the Einstein tensor is
Gµν = Rµν − 1
2
gµνR (46)
Note that the trace of the Einstein field equation (45)
gives just the identity (26). Imposing Weyl natural gauge
condition (30) the Ψ field satisfies the massless wave
equation
Ψ;µ:µ = 0 (47)
Introducing the energy tensor for Ψ and Aµ
T µν(Ψ) = Ψ
;µPsi;ν − 1
2
gµνΨ;αΨ,α (48)
T µν(Aα) = −AαAαgµν − 2AµAν − 2Aµ;ν + 2Aα:αgµν (49)
Eq.(45) is re-written as
Gµν + 2λgµν = −4λ
ξ
T µν(Ψ) − T µν(Aα) (50)
A simple calculation gives the trace expressions
T(Ψ) = −ξ (51)
T(Aα) = −6AαAα + 6Aα:α (52)
One of the important consequences of the set of the field
equations is that both the natural gauge condition (30)
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and the Lorentz gauge condition (33) or (20) could be si-
multaneously assumed without any inconsistency. Mak-
ing this assumption we have
T µν(Aα) = −A
αAαg
µν − 2AµAν − 2Aµ;ν (53)
T(Aα) = −6AαAα (54)
T(Aα) = R− 4λ (55)
The expression for the energy tensor (53) contains only
the vector gauge field and logically one would expect its
interpretation as that of a massless vector field. In rel-
ativistic field theory it is known that for a massive vec-
tor field the representation splits into a 3-vector and a
scalar under rotation, and the Lorentz gauge condition is
needed to resolve the question of the positivity of energy
[34]. In our case, the interpretation of (53) as energy ten-
sor of Aα is inferred from the Einstein field equation (50).
It is important to note that the trace expressions (52)
and (54) remain unaltered even if EM fields are nonzero
since Eµν is traceless. On the other hand, the energy
expression (90.6) in Weyl theory [13] containing poten-
tials is attributed to the matter energy tensor. Recall
that in the standard CED Eqs. (20)-(24) show that for
EM field free case, and the assumption of the Lorentz
gauge, each component of Aµ satisfies the massless wave
equation. Field theoretic arguments [34] and topological
model of photon [12] suggest that pure gauge field Aµ
may be identified as photon field.
The presence of ξ in Eq.(44) and Eq.(50) indicates sub-
tle role of the coupling between electron field Ψ and pho-
ton field Aµ. Is it possible to decouple electron from the
influence of the EM field as well as pure gauge poten-
tial? Towards this aim let us examine the consequences
of setting ξ = 0 . Eq.(40) shows that
Ψ;µΨ,µ = 0 (56)
Eq.(50) reduces to
4λΨ;µΨ;ν = 0 (57)
Mathematically there is no contradiction if the expression
multiplied by by ξ in Eq.(50) is also equal to zero. In that
case, one gets the Einstein equation
Gµν = −T µν(Aα) (58)
Physical arguments show that one should also take λ = 0
as a solution of Eq.(57) and
Ψ;µΨ;ν 6= 0 (59)
Trace of Eq.(58) shows that ∗R = 0 in agreement with
λ = 0 . Eq.(55) reduces to
R = −6AαAα (60)
Decoupled electron field Ψ satisfies the massless wave
equation (47) as well as Eq.(56). Multiplying Eq.(47)
by Ψ and integrating over a compact manifold without
boundary gives an uninteresting result when use is made
of Eq.(56). Evidently Ψ field cannot be a continuous field
of spacetime variables. Let us examine the possibility of
a discontinuous solution. In the following for most of the
discussions on topological aspects we consider the illus-
trative examples in flat spacetime geometry, and conjec-
ture that the topological characteristics would be carried
over to the Weyl space. The conjecture is motivated by
metric-independence of topological properties.
Define a boundary surface at which the field is discon-
tinuous
F (xµ) = L(x, y, z)− ct = 0 (61)
Instead of a plane wave solution of Eq.(47) the field on
the discontinuity surface could be assumed as
Ψ = eiL−iωt (62)
Substituting expression (62) in the wave equation, and
making the approximation that ∇2L is small compared
to other terms we get
∇L.∇L = ω
2
c2
(63)
Using (62) in Eq.(56) we get once again Eq.(63). Follow-
ing a nice discussion in the Appendix VI of [35] we define
a unit normal vector to the surface (61)
nˆ =
∇F
|∇F | (64)
and the speed of the moving discontinuity by
vf = − 1|∇F |
∂F
∂t
(65)
In the present case the discontinuity moves at the velocity
of light. In analogy to geometrical optics limit of the light
wave propagation [35], Eq.(56) or Eq.(63) is the eikonal
equation. Thus, the electron field is a defect propagating
at the speed of light.
In the Einstein field equation (45) the energy contri-
bution of Ψ field disappears, and the decoupled electron
has no self-field of the EM origin. The significance of this
field is two-fold: its existence signals a nontrivial topol-
ogy of Weyl geometry, and the possibility of nonzero ξ
makes it observable through EM interaction via Eq.(42).
The drawback of scalar field representation is that the
spin property is not explained, in fact, it corresponds to
spinless electron in CED; for a recent attempt to explore
spin of electron, see [22].
Decoupled photon field satisfies Eq.(58) and Eq.(60).
Assuming traceless energy-momentum tensor for Aµ
Eq.(58) leads to R = 0. In this case Eq.(60) reduces
to the nonlinear gauge
AαA
α = 0 (66)
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Mathematically Eq.(66) shows that Aα is self-
perpendicular. The most important result is that
the gauge conditions are unambiguously consistent and
compatible: λ = 0 ⇒ ∗R = 0; each term in ∗R vanishes,
therefore R = 0, Lorentz gauge (33) and nonlinear gauge
(66) are also satisfied. Note that for a pure gauge field
, Fµν = 0 and using the Lorentz condition one finds
that Aµ satisfies the massless vector wave equation. To
unravel the topology of Weyl geometry we examine the
nature of Aµ in three ways.
I Simplest and conventional solution is given by
Aµ = η,µ (67)
Substituting (67) in the Lorentz condition we have
η;µ:µ = 0 (68)
and the nonlinear gauge (66) becomes
η;µη,µ = 0 (69)
Eqs.(68) and (69) for η are exactly the same as the ones
for Ψ, therefore, for a nonvanishing η the propagating dis-
continuity interpretation would be essential. The photon
field becomes a propagating topological defect.
It is, however not necessary to proceed with the solu-
tion (67); the field Aµ itself shows the topological prop-
erty if we consider the discontinuous surface (61) and
calculate Aµ on it following [35]. The vector potential
A and the scalar potential Φ may be defined on either
sides of the surface (61) and using the unit step or Heav-
iside function we may write, for example, for the vector
potential
A = H(−F )A1 +H(F )A2 (70)
The derivative of the step function is the Dirac delta
function, therefore space and time derivatives of the po-
tentials can be calculated using the standard calculus.
For example,
∇×A = H(−F )∇×A1+H(F )∇×A2+δ(F )∇F ×∆A
(71)
∂A
∂t
= H(−F )∂A
1
∂t
+H(F )
∂A2
∂t
+ δ(F )
∂F
∂t
∆A (72)
∆A = A2 −A1 (73)
Expression(73) denotes the discontinuous change. The
Lorentz condition using (64) and (65) finally leads to
nˆ.∆A−∆Φ = 0 (74)
Note that E = 0 and B = 0 also give Eq.(74). On the
moving surface the potentials are calculated using the
fact that A2,Φ2 are zero, therefore, Eq.(74) becomes
nˆ.A− Φ = 0 (75)
It is easy to verify that in view of Eq.(75) the nonlinear
gauge (66) is satisfied. Thus the photon is a discontinuity
of the potentials propagating at the speed of light.
II The field theoretic description of topological pho-
ton [12] is given based on Fµν = 0 and the Lorentz condi-
tion. Here in addition we have the constraint (66). Screw
disclination for the vector field A has been interpreted in
terms of 2D defect termed orbifold and 1D defect as tifold
in [12]. The 4-vector field Aµ is split into transverse At
and longitudinal components (Az ,Φ) choosing a propa-
gation direction along z-axis. Following [36] the assumed
solution in complex representation is
Ax = kre
iχ (76)
Ay = ikre
iχ (77)
where χ = θ + kz − ωt. It is easy to verify that
∂Ax
∂x
+
∂Ay
∂y
= 0 (78)
and the Lorentz condition reduces to
∂Az
∂z
+
1
c
∂Φ
∂t
= 0 (79)
Could one find Az,Φ such that for the solutions (76) and
(77) the nonlinear gauge (66) is also satisfied? Since the
sum of the squares of the real parts of (76) and (77) is
k2r2 a simple solution Az = kz and Φ = −ωt leads to a
curious result: Eq.(66) becomes the null-cone equation
x2 + y2 + z2 − c2t2 = 0 (80)
Note that Nye [36] considers the electric field vector to
study disclination for polarization effects of EM wave; in
that case ∇.E = 0. Here we consider Aµ that satisfies
the Lorentz condition, and hence follows Eq.(79).
III Definition of Fµν , expression (5) . in analogy
to curl in 3D could be treated as curl of Aµ in 4D , see
section 3.2 in [13]. The 4-divergence of Aµ is ∂
µAµ. Now
the curl-free and divergence-free vector in 3D may have
peculiar characteristics made transparent in the abstract
language of differential forms and de Rham periods. An
intuitive and physics-oriented account on de Rham peri-
ods on the manifolds can be found in [37]; also summa-
rized in [12]. In a Euclidean domain formally a 1-form
is decomposed into three parts : an exact form (nonzero
divergence, zero curl) , a closed form (zero divergence,
nonzero curl), and a harmonic form (both divergence and
curl are zero). According to de Rham theorem the closed
loop integral of the harmonic form over a non-bounding
cycle counts the number of holes/topological defects. It
may be asked if de Rham theorem could be extended to
4D spacetime.
Formally photon field, i. e. Aµ is curl-free Fµν = 0
and divergenceless ∂µAµ = 0; it implies that Aµdx
µ is a
harmonic form with the loop integral∮
Aµdx
µ = 2piN (81)
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Note that in Weyl geometry Aµ has the dimension of
length−1. Here N is an integer counting the number of
topological defects, and for a single photon N = 1. Weyl
geometry for harmonic 1-form (81) acquires a nontrivial
topology. However, the non-Euclidean spacetime geom-
etry limits the straightforward application of de Rham
theorem. We may get some physical insight considering
the vector potential A such that B = 0, and take the
manifold R3 − {0}. An example of a harmonic form is
given in Appendix C of [37]
A =
y
r2
iˆ− x
r2
jˆ (82)
Though ∇.A = 0 and ∇ × A = 0, the loop integral
enclosing the origin is nonzero∮
A.dl = 2pi (83)
The harmonic form (82) may also be given a physical
realization in the form of a singular vortex: the fluid flow
in concentric circles around the origin at which one has
a singularity of the velocity field. Note that multiplying
Aµ by h¯ its dimension is that of momentum, and Eq.(83)
may be related with the spin of the photon [30].
In this section possible nontrivial topology of the Weyl
space has been investigated based on the generalized
Weyl-Dirac theory [11]. The most important new result
is that Ψ field for spinless electron and Aµ for photon
represent topological defects in space-time of Weyl ge-
ometry.
V. NONLINEAR GAUGE, PARTICLES AND
FIELDS
In the preceding section Eq.(56) and Eq.(68) are look-
a-like relativistic Hamilton-Jacobi (HJ) equations for a
massless particle. In classical mechanics point particle
dynamics may be described using the Hamilton princi-
pal function S(q, p, t) that assumes the following form if
Hamiltonian is a constant of motion
S(q, p, t) =W (q, p)− Et (84)
Here W (q, p) is the characteristic function, and (q, p)
canonical variables. In analogy to optics , W in HJ
equation has the same role as the eikonal L. Textbook
[38] section (10-8) makes quite insightful remarks on the
geometrical optics limit of the light wave and the role
of HJ equation in understanding particle trajectory in
Schroedinger wave mechanics. The main problem that
remains unsatisfactorily resolved till date is the meaning
of a localized point particle in the wave description or
the continuous field theoretic description.
In the preceding section we have suggested that par-
ticle aspect is embodied in a topological defect. Unfor-
tunately the continuous fields of space and time obeying
specific partial differential equations seem to have intrin-
sic limitations for incorporating the topological objects
as we have seen for the Ψ field or nonlinear gauge for
Aµ that makes the necessity of the discontinuous field
natural, however the particle interpretation and the de-
scription of the observed physical phenomena, e. g. elec-
tron and EM field interaction and EM waves, in terms
of these topological objects are not obvious. Reflecting
on his life-long efforts to understand waves and particles
de Broglie made profound remarks on them in his essay
[39]. Here we note two of them that seem to be useful for
the present considerations. First one concerns the defi-
nition of a particle as a localized object of high energy
concentration that to a first approximation is a shifting
singularity. The second point is that the principle of least
action is a particular case of the second law of thermo-
dynamics; entropy of a particle is defined by the relation
entropy/Boltzmann constant is equal to action/Planck
constant. Now thermodynamical concept of a particle is
very important: it brings the role of statistical mechanics
to the prominence even for an isolated free particle; in de
Broglie theory it is caused due to a hidden thermostat.
The present work marks a more radical departure than
that of de Broglie: space and time are endowed with non-
trivial topology, and the geometric objects and fields are
proposed to have the statistical nature.
We elucidate these ideas considering the significance
of the nonlinear gauge in the context of [14, 15]. Dirac
attempts a modification of CED with the aim to cure the
problem of infinities in QED [14] proposing the nonlinear
gauge
AµA
µ =
m2c4
e2
(85)
The Maxwell action is modified incorporating the con-
straint (85) using a Lagrange multiplier Λ. The charge
current density is identified to be
Jµ = −ΛAµ (86)
Dirac argues that if the source-free field has the poten-
tials A∗µ then the gauge transformed potentials A
∗
µ +Φ,µ
corresponds to the charges. Eq.(85) then becomes
(pµ + eA
∗
µ)(p
µ + eAµ∗) = m2c4 (87)
where eΦ, µ is interpreted as the energy-momentum 4-
vector pµ in the relativistic HJ equation (87) for the elec-
tron. Note that Dirac develops his theory in flat space-
time. The formal similarity of the charge current density
(86) with that of Weyl theory, and for constant ξ with the
generalized Weyl-Dirac theory [11] is noteworthy. How-
ever in the generalized Weyl-Dirac theory ξ is a co-scalar
field, therefore, it cannot be a constant. Moreover the
analogue to HJ equation for electron is Eq.(40) that sug-
gests that mass is a space-time dependent field variable,
and Ψ field does not appear directly in the current density
(42). In contrast to particle aspect introduced through
pµ in Dirac theory we have the propagating Ψ field dis-
continuity representing the particle.
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Gubarev et al [15] introduce a novel idea seeking the
physical significance of the gauge noninvariant quantity
AµA
µ. The volume integral of this quantity in Euclidean
space is shown to have minimum value under the gauge
transformation for a specific gauge condition. For ex-
ample, B = ∇ × A is gauge invariant, and the volume
integral
∫
A.Ad3x under the gauge transformation is sta-
tionary for the Coulomb gauge ∇.A = 0. Authors em-
phasize the point that their objective is to find the mini-
mum value of this quantity itself that may throw light on
the nontrivial topology. This motivation comes from the
considerations on the vacuum condensates, for example,
quark and gluon condensates in QCD.
It would, of course, be logically more satisfying to treat
Aµ as a statistical field variable, and interpret the mini-
mum value in terms of the averages
σ(Aµ) = AµAµ −Aµ Aµ (88)
The authors [15] do consider the expectation values of
the field operators in QFT, however here we associate
probability distribution function with the potentials.
Let us recall that the pure gauge potential Aµ satisfies
the Lorentz gauge condition (20) and the minimum value
of the integral of AµAµ is zero in view of Eq.(66). The
potential Aµ is harmonic (81) for the nontrivial topol-
ogy representing a single photon. For a monochromatic
photon beam of uniform photon number density it would
be natural to assume Eqs. (20) and (66) for the photon
beam. In a fluid flow with velocity v and probability
density ρf the local conservation of particles satisfies the
continuity equation
∂ρf
∂t
+∇.ρfv = 0 (89)
Statistical distribution function for photon fluid in anal-
ogy to this may be introduced interpreting
A = fp(xµ)A (90)
as the momentum density and the Lorentz condition as
the energy-momentum conservation equation; note that
the geometric quantity Aµ in Weyl geometry has been
multiplied by Planck constant. In [15] the minimum
value of the vacuum expectation value of < 0|AµAµ|0 >
has been discussed and suggested to be nonzero. In the
present paper we have geometry/topology plus statisti-
cal/thermodynamical approach: at zero temperature the
minimum value is proposed to correspond to the frozen
phase of photons with zero momenta and only spinning
topological objects possessing energy hν2 per photon [12].
It may be contrasted with the assumed ZPF in stochastic
electrodynamics, see section 2.2 in [24].
The main inference that could be drawn from these
considerations is that the EM fields in CED have to be
interpreted as averaged statistical quantities represent-
ing the photon fluid, i. e. rotating fluid of microscopic
spinning topological objects, namely the photons. Inter-
preting Aµ as averaged energy-momentum vector would
imply to interpret Fµν in analogy to the antisymmetric
second rank angular momentum tensor Lµν : B as aver-
aged angular momentum (orbital plus spin) and E as the
averaged value of the energy and the momentum of the
fluid as a whole about center of energy; this interpreta-
tion is based on the classical relativistic mechanics, see
section 14 in [40].
VI. DISCUSSION AND CONCLUSION
Radically new approach to geometrize physics is articu-
lated in the present paper: (1) spacetime of relativity has
statistical nature generalizing Menger’s statistical metric
space to Eq.(17), (2) EM potential Aµ has fundamental
reality representing a single photon as a topological de-
fect in space-time, and (3) gauge conditions in original
Weyl geometry, i. e. Weyl natural gauge, Lorentz gauge
and nonlinear gauge are proved to be consistent in gener-
alized Weyl-Dirac theory [11] necessitating the existence
of topological defects. It is argued that Maxwell field
tensor and metric tensor represent statistically averaged
quantities.
Space-time itself is visualized as a fluid comprising of
microscopic particles defined by topological defects, for
example, spinless electron as a moving surface discontinu-
ity and photon as a harmonic 1-form. EM waves would
be like sound waves in a fluid whereas photons are lo-
calized space-time topological defects, Eq.(81). Interac-
tion of electron with EM field in the present framework
is viewed as a random scattering of electron propagat-
ing in the photon fluid. Momentum exchange with most
probable fraction of photon momentum given by the fine
structure constant is envisaged from
p− e
c
A → p
h¯
− e
2
h¯c
Ag (91)
whereAg is in geometrical units a la Weyl geometry. The
most important implication of the present work is that
it paves the path for developing an alternative theory of
elementary particles and their interactions solely on the
geometry and topology of physical space and time [22].
We emphasize that the present ideas are radically new as
compared to those of Riemann-Einstein-Weyl on space-
time, however they adhere to the conventional wisdom of
space and time reality in contrast to the current radical
ideas articulating emergent spacetime and/or discarding
space and time reality.
To put the speculations in perspective we present a
brief discussion on Einstein’s belief [41] and alternative
ideas [23, 24, 39]. Einstein in reply to the criticisms [41]
states his belief in field theory as a program for physics.
Fields are continuous functions in 4D spacetime contin-
uum. Illustrating his idea taking the example of general
relativity he puts forward three points. E1: Physical
things are described by continuous functions of space-
time, E2: the fields are tensors, e. g. gµν for gravity,
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and E3: physical measurability of the invariant line ele-
ment. According to him the construction of a mathemat-
ical theory rests exclusively on E1 and E2. If a complete
physics theory exists E3 is not required. Einstein ex-
presses serious reservations on radical efforts of Menger
in this perspective. What is the meaning of a mathe-
matical theory of physics? As pointed out in section II
mathematical objects like a geometrical point or a circle
are mental objects and mathematical logic is sufficient to
develop a mathematical realm, for example, Riemannian
geometry or Weyl geometry. However physical objects
need physicalization or approximation to the mathemat-
ical objects, e. g. the fields. Therefore, the geometriza-
tion of physics as a program has to alter the Einsteinian
ideas, and adopt in some way Clifford and Menger spec-
ulations. The present approach has sought this objective
based on the Weyl geometry.
The role of probability in fundamental physics distinct
than the orthodox quantum theory has also been of in-
terest among some physicists; unfortunately such works
have remained sidelined in the mainstream physics lit-
erature. A common lament by de Broglie [39] , Luis de
la Pena [23] and Boyer [24] is that full potential of their
ideas remains unexplored. Could the present modest con-
tribution provide impetus to such efforts? It seems the
inclusion of topological model of photon and associated
interpretation of zero point energy would be essential to
develop a complete stochastic theory for Maxwell equa-
tions and Newton-Lorentz equation of motion.
In conclusion, consistency of various gauge conditions
in Weyl geometry is thoroughly studied and the physical
reality of EM potentials is established. Harmonic 1-form
in 4D spacetime of Weyl needs further investigation in
connection with the physical mechanism of the AB ef-
fect [6]. Novel aspects on the topology and statistical
nature of space and time geometry proposed here would
strengthen the outlook on particle physics based on the
real wave equations in [22].
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